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Introduction to Z Transform (ZT):

Z Transform is a mathematical tool, which is used to evaluate Z domain representation of a discrete

time domain sequence.

Z Transform of a discrete time signal or sequence x(n) is represented with X(z) and it can be

evaluated by using the mathematical formula
ZIx(M1=X@) = D XNz " ——————— 0

Above equation (1) is called bi-directional or both sided Z Transform, because x(n) is both-sided.

If x(n) is causal or right sided, then its Z transform can be defined as
ZT XM 1=X@) =D Xz " ———————— 2)
n=0
If x(n) is anti-causal or left sided, then its Z transform can be defined as
-1
ZTI (M 1=X(@) = D> XNz " ———————— 3)

Above equations (2) and (3) are called uni-directional or one-sided Z transform.
Where, z is a complex variable and it can be defined as
z=rel
=r cos(w) + j r sin(w)
=Re{z}+jIm{z}
Where, r is magnitude of z and w is phase of z or digital frequency, measured in rad/sample.

A graph, which is drawn between Re{ z } = r cos(w) on x-axis and jim{ z } = jr sin(w) on y-axis is

called z-plane.

4ir o |Re{z}=rcos(w) [Im{z}=jrsin(w)| | z |
/ \ 0° [ jo r
o .
r > Re{z} 90 0 jr r
\J 180° —r j0 r
_jr

270° 0 —jr r

z-plane is a circle, centered about origin with a radius of |z |
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Relation between ZT and DTFT:

From the basic definition of Z Transform

ZT x(n) 1= 3 x(n)z”"

n=-w

= S x(n) (reie) "

x(n) r"eien

I
DM (DM ]

[ X()] e

n=

ZT[ x(n) =DTFT [r" x(n) ]

Ifr=1, then ZT [ x(n) ] = DTFT [ x(n) ].
On the unit circle of z-plane, both the ZT and DTFT are same.

8

Z Transform of various classes of Signals:

Various classes of signals or sequences are given below
» Right-sided signal with infinite duration
> Left-sided signal with infinite duration
> Both-sided signal with infinite duration

> Finite duration signal

(A)Z Transform of a Right-sided Signal with Infinite Duration:

In general, right-sided with infinite duration signals are extending from 0 to oo.

Example: x(n) =a " u(n)
From the basic definition of z transform

71 x() 1= 3 x(n)z "

ZT[a"u(n)]= ia "u(n)z™

N=—o0
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1
- Jalle

Z-a
Z

z

X(2)=——, |z|>]|a]
Z—a
ROC
ZT[a"u(n)] = X(2) = ——
Z—a |z|>]a|

» X(z) has one zero, which is located at z=0 and one pole, which is located at z=a.
> If we locate poles and zeros on the z-plane, then the z-plane is called pole-zero plot.
» The range of values of z for which X(z) is finite is called Region of Convergence (ROC).

> Now draw a z-plane and indicate ROC, poles and zeros.

i Im{z}

If the signal x(n) is right-sided with infinite duration, then its ROC is outside the circle of outer

most pole.

(B)Z Transform of a Anti-causal or left-sided Signal with Infinite Duration:
In general, left-sided with infinite duration signals are extending from -oo to -1.
Example: x(n) =—-a"u(-n-1)

From the basic definition of z transform

71 x() 1= 3 x(n)z "

ZT-a" u(-n-1)]= Y[-a" u(-n-1)]z"

=_21a n-n
n=—0
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:—[Ej L ’|f E <1
a2 a
a
=_(Ej i),ﬁ lz|<|a|
a a-z
Z
=7’ |z|<[a|
ROC
ZT[ -a"u(-n-1)] = X(2) = ——
Z—a |z|<]|a]

» X(z) has one zero, which is located at z=0 and one pole, which is located at z=a.
> If we locate poles and zeros on the z-plane, then the z-plane is called pole-zero plot.
» The range of values of z for which X(z) is finite is called Region of Convergence (ROC).

» Now draw a z-plane and indicate ROC, poles and zeros.

If the signal x(n) is left-sided with infinite duration, then its ROC is inside the circle of innermost

pole.
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(C)Z Transform of Both-sided Signal with Infinite Duration:
In general, both-sided signals with infinite duration are extending from -0 to .
Example: x(n) =a !

From the basic definition of z transform

71 x(n) 1= 3 x(n)z™"

zT[a" 1= Za‘”‘ z"

= Ea‘”‘ z’“+ia‘"‘ z"

Il
M
QD

=}
N\
+3
M
gJ:
N\

:az[ L , i |az|<1&‘E
1-az | -2 z

V4

<1

_|.2 } 2 } it <1/ & <[z
|1-az | |z-a

:_az(z-a)+z(1-a2)} if |z/<l/a & |z|>d
(1-az)(z-a)

B 2
_ z(az-a +1-az)} |a|<|z| <1/|a|
| (l-az)(z-a)

S
_ %} ol <[] <1/jal

- 2(1-a%) } la <|z| <1/
| -a(z-1/a)(z-a)

i -1/
| et a)} <l <1/
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{
ZT[a"] = X(2) =

a_i

(z—a

i

3

ROC

o <[2| <

ol

» X(z) has one zero, which is located at z=0 and two poles, which is located at z=a and z=1/a.
> If we locate poles and zeros on the z-plane, then the z-plane is called pole-zero plot.

» The range of values of z for which X(z) is finite is called Region of Convergence (ROC).

» Now draw a z-plane and indicate ROC, poles and zeros.

jIm{z}

,7‘/
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If the signal x(n) is both-sided with infinite duration, then its ROC is a finite duration ring, which

lies between two poles.
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(D)Z Transform of Finite duration Signal:

In general, a finite duration signal consists of finite number of samples.
Example-1: x(n) = {1}

From the basic definition of z transform

o0

ZT x(n) 1= Y x(n)z™"

n=—x

=x(0)z"°
=1x1
=1

o ROC
ZT[x(n)] = X(@) =1 Entire z-plane

Example-2: x(n) = {1,-1}
From the basic definition of z transform

o0

ZT x(n) 1= > x(n)z™"

=x(0)z° +x(1)z*
=1x1-1xz*
=1-z"

z-1
Tz

T o) 7.1 ROC
[x(n)]=X(z) = 7 Entire z-plane except z=0

Example-3: X(n) ={1,—%}

From the basic definition of z transform

o0

ZT[x(M)1 = D x(n)z”"

= x(-1)z M +x(0)z™°
=1xz-1x7°
=z-1

ROC
Entire z-plane except z=+w

ZT[x(nN)]=X@)=z-1
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Region of Convergence (ROC) and its Properties:
The range of values of z for which the basic definition of z transform will converges or produces a

finite result is called Region of Convergence (ROC).

Property-1:
If x(n) is right-sided sequence with infinite duration, then its ROC is outside the circle of outermost

pole.

k=g ) -2 L)
Example: x(n)_3(2j u(n) 2(3) u(n)

ZT[x(n)] = ZT {3@)%@-2@)%@)}

X(@z) =3ZT [(%)n u(n)} -27T K%Jn u(n)}

3z 21 1 1
= - |z[>Z&|z]>=
, 11 2 3
2 3
z(3z-1-2z+1) 1
A
z-=|z-=
)]
z° 1
= Cz|>=
1 1 2
z-=|z-=
=)
1Y 1Y 22 ROC
ZT{?{E) u(n)—2(§) u(n)}_ X(z)——(z_lj(z_lj 1
5 3 |Z|>E

Property-2:
If x(n) is left-sided sequence with infinite duration, then its ROC is inside the circle of innermost

pole.
Example: x(n)=3(2)'u(—n—-1)—2(3)'u(-n-1)

ZT[x(n)] =ZT[3(2)'u(—n—1)-2(3)'u( -n-1)|
X@) =327 [2)u( -n-1)|-2zT 3 u( -n-1)]
=377 [2)u(-n-1)]- 22T |3y u(~n-1)]
=3z -2z

—n—n s |Z|<2&|Z|<3
-2(32-9-2z+14)
= 2
23 s
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-2(z-5)

X(Z) :(2_2—)(2_3), |Z|<2

—2(z-5) ROC
(2-2)z-3) 2]<2

ZT[3(2) u( ~n-1)-2(3)'u( ~n-1)]= X(z) =

Property-3:
If x(n) is both-sided sequence with infinite duration, then its ROC is a finite duration ring, which
lies between two poles.

Example: x(n)= 3[%jnu(n)— 2(3)'u(-n-1)

ZT[x(n)] =ZT {3@jnu(ﬂ)— 2(3)"u( —n —l)}

X(@z) =3ZT H%)nu(n)} —2ZT [(3)nu( -n —l)]

_ 8z 27 ,|z|>1&|z|<3
;.1 z-3 2
2

_2(3z2-9+2z-1) l<|z|<3
= i ,
-=1(z-3
(z 2)(z )

__o5uz-2) , 1<|z|<3

(z - ;j(z -3)
1 52(z2-2) ROC

ZT{?{Ejnu(n)—ZG)"u(—n—1):|= X@) = ( .

2—2](2—3) %<|z|<3

Property-4:
If x(n) is finite duration sequence, then its ROC is entire z-plane except possibly z=0 and/or z=xoo.
Example-1: x(n) = {1}

o0

ZT x(n) 1= > x(n)z™"

n=—x

=x(0)z"°
=1x1
=1
ROC
ZT[x(n)]1 = X(@) =1 Entire z-plane
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Example-2: x(n) = {1,-1}

o0

ZT x(n) 1= > x(n)z™"

=x(0)z % +x(1)z*
=1x1-1xz*
=1-z"

z-1
Tz

z-1 ROC
Entire z-plane except z=0

ZT[x(M] = X(@2) =

Example-3: x(n) ={1,—}}

0

ZT[x(M)1 = > x(n)z”"

= x(-1)z ™ +x(0)z°
=1xz-1x7°
=z-1

ROC
Entire z-plane except z=1o

ZT[x(nN)]=X@)=z-1

Property-5:
Within the ROC, poles do not exist.

Example: Above all examples.

Property-6:
ROC is independent of zero’s.

Example: Above all examples.
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Properties of Z Transform:

(A)Linear Property:

If x1(n), x2(n) are two discrete time sequences and ZT[ x1(n) ] = X1(z), ZT[ x2(n) ] = X2(2),
then ZT[ a x1(n) + b x2(n) ] =a Xu(z) + b X2(2) is called linear property of z transform
Proof:

From the basic definition of z transform of a sequence x(n)

71 x() 1= Sz,
replace x(n) with a x¢(n) + b x2(n)

ZT[ ax,(n)+b x,(n)]= i[axl(n)+b x,(n)]z™"

= >lax,()+bx,(n)]z"

[ax,(nN)z" +bXx,(n) z™"]

Il
M T4 ]

[ax,(n)z "]+ S [bx,(n) 2]

n

—aY x,(Mz" +b Y [x,(n) 2]

=aZT[ x,(N)]+bZT[ x,(n)]
=a X,(z) +b X,(2)

;IB

Example: xl(n):[%)nu(n) and xz(n):(%jnu(n)

ZT[ 3x(n)+2x,(n) ] =3ZT[ x,(n)] +2ZT[x,(n) ]

gfon} o

3z 22 1
=2 g2z
, 11 2 3
2 3
_2(3z-1+2z2-1) | |> 1
e
z-—|z-=
2 3
_z2(52-2) ||>l
’ 2
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(B)Time Shifting Property:

If x(n) is a discrete time sequence and ZT[ x(n) ] = X(2),

then ZT[ x(n —ng) ] =z ™ X(z) is called time shifting property of z transform.
Proof:

From the basic definition of z transform of a sequence x(n)

ZT x(n)]= ix(n)z’n , replace x(n) with x(n — no)

ZTIx(M 1= 3 x(n)z”"

ZT[ x(n-n,)]= Zx(n-no)z‘”,Let N—-n,=M=nNn=n,+mM

N=—0

= > x(m)z ™
m=—o0

= D> x(m)z™z™
m=—o0

0

=z™ > x(m) z"
=2Z2"ZT [X(n) ]
=z"X(2)

Example:

1 n+l 1 n-9+10
T {3&) uin-9) }zSZTKE) u(n—9)}
1 10 1 n-9
:3 E ZT|:(E] U(n—g):|

10 n
_gl ZQZTHEJ u(n)}
2 2
10
=3E 79 2 ,|z|>1
2 ;1 2
2
10
{2
2 1
R EIEs
2

Note: If initial conditions are considered, then
> ZT[x(n-1)] =z X(2) + x(-1)
> ZT[x(n=2)] =z7°X(2) + 27'X(-1) + x(-2)
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(C)Time Reversal Property:
If x(n) is a discrete time sequence and ZT[ x(n) ] = X(2),

then ZT[ x(— n) ] = X(1/z) is called time reversal property of z transform.
Proof:

From the basic definition of z transform of a sequence x(n)
ZT XM 1= Y. x(n)z”"

Replace x(n) with x(—n)

ZT X(-n) ] = ix(-n)z’”, Letn=-m,n=-m,

N=-0

= _Zw:x(m)z ~=m
= >xm) ()"

= i x(m) [%j_m

=ZT[ x(n)] with replacementof z=1/z
_ x[&)
z

Example:
Evaluate the z transform of u(n) and u(-n)
We know that,

ZT[a%Knﬂ==E%%5 |z]>a

Puta=1
ZTun)]=—2 , |z]>1
z-1

Apply time shifting property of z Transform

1/z

ZTu(-n]=

|1/z]>1

-1z«
1-z
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(D)Conjugate Property:

If x(n) is discrete time sequence and ZT[ x(n) ] = X(2),

then ZT[ x*(n) ] = X*(z*) is conjugate property of z transform.
Proof:

From the basic definition of z transform of a sequence x(n)

71 ) 1= > )z
Replace x(n) with x*(n)
2T x*(m)]= Yx*(m)z”

= S xx(n) (")

n

8

[X(n) (z)"]*

n=

{i X(n) (z*)‘“}

N=—0

=(ZT [ X(n) ] with z = z*)*
=(X(z)with z = z¥)*
=[X(z)]*

= X*(z¥)

5

(E)Exponential or Scaling in z-domain Property:

If x(n) is a discrete time sequence and ZT[ x(n) ] = X(2),

then ZT[ a" x(n) ] = X(z/a) is called exponential or scaling in z-domain property.
Proof:

From the basic definition of z transform of a sequence x(n)
ZT X ]= Y Xm)z ™"
Replace x(n) with a" x(n)

ZT[a" x(n) ]= i a" x(n)z™"

0

> x(na"z™"

0 7 -n
> o)

A
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(F)Multiplication by n or Differentiation in z-domain Property:

If x(n) is a discrete time sequence and ZT[ x(n) ] = X(2),

then ZT[nx(n)]= - d/dz [ X(z) ] is called multiplication by n or differentiation in z domain property.
Proof:

From the basic definition of z transform of a sequence x(n)

71 x(n) 1= X@) = S XMz

Differentiate w.r.t z

0

d d .,
5 X@1= Zx(n)d—zZ

n=—

= ix(n) (-n)z "t
= ix(n) (-n)z"z*
=z i[ nx(n)]z™

—dd [X(@)]= -+ ZT] nx(n) ]

Z Z

ZTT nx(n) ] = -z —dd [X(2)]
Z

Example:
Evaluate the z transform of na"u(n)
We know that,

ZT[a“u(n)]zi |z|>a
z-a
Apply differentiation in z domain property

ZT[na"u(n)] = -z i(ij

dz\z—a

:_{(z—a)(l)—z(l)J

(z-a)’

(z—a—zj
S |
(z-a)?

. az
(z-a)’
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(G)Initial Value Theorem:
If x(n) is a discrete time causal sequence and ZT[ x(n) ] = X(z), then the initial value of a causal
signal can be computed from x(n) as well as X(z) by using the formula

Lt Lt . L
x(0) = x(n) = X(2) is called initial value theorem.
n—0 Z—>o®

Proof:
From the basic definition of z transform of a sequence x(n)

00

ZT[ x(n) ] = Zx(n)z’n

X(2) = 3 x(n)z™"

n=0

=XO0) +x(Dz ' +x(2)z2 7% +..........

=ﬂm+ﬁ9+ﬁ?+ ...........
Apply as limit z —» o

Y @ =x0)+ XD, Lzz) o

o0

zZ—>

=X0)+0+0+..cccerrnnnn.

=x(0)

Lt Lt
= x(0)= X(n) = X(2)
n—>0 Z—>w
Example:
. . . z2(5z2-2) 1

Evaluate the initial value of a causal signal x(n) from the z domain X (z) = , | z | > >

L
x(0) = z _: . X(2)

L 2(52-2)
e
2 3
2
o 7,
)
22 3z
5.0
~ (1-0)1-0)

=5
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(H)Final Value Theorem:
If x(n) is a discrete time causal sequence and ZT[ x(n) ] = X(z), then the final value of a causal

signal can be computed from x(n) as well as X(z) by using the formula

Lt Lt Lt : :
X(o0) = X(n) = (1-zHYX(2)= (z-1)X(2) is called final value theorem.
n— z—>1 z->1

Proof:
From the basic definition of z transform of a causal sequence x(n)

ZT x(n) 1= gx(n)z”

Replace x() by x(1) - x(1 - 1)

ZT X(n) - X(n-1)] = 2[ X(n) - X(n-1)Jz"
X(2)- 2" X(2)= io[ X(n) - X(n-1) 12"

(1-2*)X@ = L[ X) - x(n-1) ]2
Applyasz — 1

Lt 1 Lt o .
Z—>1(1_Z- )X(Z):Z_)lg[x(n)-x(n-l)]z
N Lt
=HZ:;,[X(n)-x(n-l)]Z_)1Z

= Y [X) - X(n-D)]

[X(0) = x(=D)]+[x(@) — x(0)]+[x(2) = xD)] +..cove.e. :
.............................. +[X(00 —1) = X(00 — 2)]+[X(20) — X(00 —1)]
—X(-1) + X(0)

= X(o0)

= X(0) = L x(n) = L (1-zM)X(2) = L (z-1)X(2)
n— o z-1 z—>1

Example:
. . . 2(52-2) 1
Evaluate the final value of a causal signal x(n) from the z domain X (z) = 1 at | z | > >
z-=\|z-=
2l

o Lt (z-D2(52-2)
)=, 4@ l)x(z)__z—>1( 1)( 1}

z->z-=
2 3

_ a-06-2)
(1-1/2)1—1/3)
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(I)Time Convolution Theorem:

If x1(n), x2(n) are two discrete time sequences and ZT[ x1(n) ] = X1(z), ZT[ x2(n) ] = X2(2),
then ZT[ x1(n) * x2(n) ] = X1(z) X2(2) is called time convolution theorem.

Proof:

From the basic definition of z transform of a sequence x(n)
ZT XM 1= Y. x(n)z”"
Replace x(n) by x1(n) * x2(n)

ZT%,(0) "X, ()] = Y1) *x,()] 2"

-Y (i[xl(m) (n-m)] j 2"

change the order of summation

> xl(m)(i X,(n-m) 2" ]

n=

= Y x(m) (Tl (n-m))
= 3 () 27T ,()]

= 3 x(m) 27X, (2)
- X,@%,(2)
Example:

Evaluate the z transform of a"u(n)*na"u(n)
We know that,

ZT[a“u(n)]:ZTZa , |z|>aand

ZT[na"u(n)] :(Zil—za)z,\ z|>a

ZT[a"u(n)*na"u(n)] = ZT[a"u(n)]ZT[na"u(n)]

oz az
z—a(z—-a)’
az?
:—3,\z\>a
(z—a)
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Inverse Z Transform:

Inverse z transform is used to evaluate the discrete time sequence x(n) from the z-domain X(z) and
its Region of Convergence (ROC). Various methods of Inverse z transform are given below.

» Partial Fractions Method

» Power Series Method or Long Division Method

» Residue Method or Contour Integral Method

(A)Partial Fractions Method:
If the z-domain X(z) is given, then take X(z)/z and split into partial fractions. Finally multiply with

z and use the following formulas to obtain the time domain sequence x(n) in this partial fractions
method.

> ZT[B(N)]=1=Z Y1]1=8(n)
> ZT[B(n-m)]=z"=Z Y z™]=5(n-m)
> ZT[x(n-m)] =z™ X(2) =Z [z X(2)] =x (n-m)

) ZTL a'u(n) 1=—— |2|>a321[i}{anu(n)], if|z|>a
ZT[a U( n- 1)] |Z|<a Z-a -a" U(-n-l)],if|2|<a
> ZTn a"u(n)]= @-ay ) |z|>a=Z" ((22)2J=na” u(n),if |z|>a
> ZIn(n-1)a" u(n)]=%, |z|>a:>Z‘l[(zai;f}:n(n-l)a” u(n),if |z|>a
Example-1: if X(z) = NE)
(z-p)(z-p,)(z-Pp3)
X(2) _ N(2)

z  2z-p)(z-p,)(z-ps)
X(z) A B C D
—=—+ + +

z VA Z_pl Z_pz Z_pa

X(z):A+B( z j+C( z J+D( z j

Z_pl Z_pz Z_ps

x(n) = 2 {A+B( z J+C( z j+D( z ﬂ
Z-p, Z—p, Z—pP,

x(n):AZ‘1(1)+BZ‘1[ z )+cz-1£ z J+DZ‘1£ z J
Z—p, Z—D, Z_ps

= AS5(n) + Bp;'u(n) + Cp,u(n) + Dpsu(n)
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Example-2: Determine the right sided or causal sequence x(n) from X(2) =[1—1
)

_ z(z+1)

4
1 n 1 n
:G(E) u(n)—lO(ZJ u(n)

Example-3: Determine the left sided or anti-causal sequence x(n) from X(2) :[1—1
e

z2(z+1)
X(2) =
e
z-—|z-=
2 4
z z
:6—1—10—1
z-- z-~
2 4
gl 2| | 2
x(n) =6Z — 10Z —
z-= z-=
2 4

= —6[3” u(-n-1) +10(%)n u(-n-1)

2(z+1)

2 4
3
2 4 4
i
P11 =10
4 2 4

For a causal or
right sided signal

z[>5

and

For anti-causal or
left sided signal

2]<2
2
and

z|<%
4
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z2(z+1)
X —
e
z-—|z-=
2 4
z z
=6—1—10—1
z-- z-=
2 4
a2 | ool Z
x(n) =6Z -1 10Z -1
z-— z-=
2 4

1Y 1Y
_ _6(§] u(—n—l)—lO(Zj u(n)

Example-5: Determine the right sided or causal sequence x(n) from X(z) =(1—1
-

z+1
X p—
Tl
z-~|z-=
2 4
X(z) z+1
oA
zjz-~|z-=
2 4
_A, B C
z , 1,1
2
z z
X(z) =8+12 — —-20 —
z-- z-—
2 4
x(n) = 82 [1] +12Z* il ~ 20z Ll
z-= z-=
2 4

1Y 1Y
=85(n)+12(§j u(n)—ZO(Zj u(n)

For both sided signal
2]<3
2
and
\Z\>E
4
z+1
2 4
Ao ;)+1 - _3
o))
2 4
14_1 g
B=_2 ~2-12
1(1_1j 1
2\2 4 8
1+1 §
c-—2 4 _ 20

For a causal or
right sided signal

z]>2&|z]>2
2 4
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(B)Power Series or Long Division Method:

Partial fraction method is not suitable to evaluate the time domain sequence x(n) when the z-domain
X(z) consists of one pole or the factorization of denominator part of X(z) is not possible, to solve
such problems, the power series or long division method is used. Process of power series or long

division method is given below.

Case 1:
To obtain the causal or right sided sequence, assume x(n) = 0, n <0.
From the basic definition of z transform

ZT XM 1= Y Xz

00

X(2)=> x(n)z™"

n=0
X(2)=Xx(0) + X))z +X(2)Z % + e . (2)
It is the negative power series expansion of X(z)
From given X(z) = N(z) / D(z), determine the negative power series polynomial by using long

division method.

X@)=N(@) /D@ =a+bz t+cz 2+............ 2)
Now compare equations 1 & 2, implies
ﬂm=@nq¢ ................... J

It is the sequence representation of required discrete time domain signal

Case 2:
To obtain the anti-causal or left sided sequence, assume x(n) =0, n > 0.

From the basic definition of z transform

00

ZT XM 1= Y. Xn)z”"

n=—o0
-1

X(2)= Y. x(n)z™"

X@)=X(-1)z+X(-2)2%+X(-3)Z+eeerreeun.. 6
It is the positive power series expansion of X(z)
From given X(z) = N(z) / D(z), determine the positive power series polynomial by using long

division method.

X(@Z)=N@)/D@)=az+bz?+cz3+............. (2)
Now compare equations 1 & 2, implies
X(n) = i ................... d,c,b,a,O}
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Example-1: Determine the right sided or causal sequence x(n) from X(z) ZH—(lj

We know that the negative power series expansion of X(z) is

X(2)=x(0) + XDz +X(2)Z 7 + e . @)

Given X(z) = 1Z+1 AR Z:;Ll 1
z-—|z-=| z2?-Sz+>
o) e

Apply long division method and evaluate the negative power series expansion of X(z)

zz—§z+%j z +1 (z'ﬁ%z‘%%z‘% .......... .

3 1.,
Z-—+-12
4 8
1,4
4 8
1.2, 7,
4 16 32
19,4, 1 4
16 32
Bz’l_ﬂz’z +£Z’2
16 64 128
Mo 19,0
64 128
7 19
X@) =2 "+ =22+ =2 4 oo, 2
(2) 2 16 (2)
. 7 19
Compare equations (1) and (2) = x(0)=0,x(1) =1, x(2) :Z'X(3) =Tgr
Sequence representation, x(n) =40, 1, Z Q ..............
T 416
Example-2: Determine the left sided or anti-causal sequence x(n) from X(2) =%
z-—|z-=
S

We know that the positive power series expansion of X(z) is

X(2) = x '+ X(2) 2> + X(2)Z° + .ooveen e, (1)

Given X(2) = 1Z+1 AN ) Z?:Ll 1
z-~|z-=| z2?-Sz+>
O

Apply long division method and evaluate the positive power series expansion of X(z)
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%—%z+zzj 1+ z (8+56z+27222+118423+ .......... .

1-6z+ 87°
7z -87°
772-427° +567°
347 -567°
347° —204z° + 2727°
1487° —2727".......... :

X(2) =8+562 + 27222 +11842° + oovvoees e (2)

Compare equations (1) and (2) = x(0) =8, x(-1) =56, x(-2) = 272,x(-3) =1184,
Sequence representation, x(n) = i .............. 1184,272,56,?}

(C)Residue Method or Contour Integral Method:

If the z-domain X(z) has multiple poles at a single location, then residue or contour integral method

is convenient to evaluate discrete time sequence x(n).

If X(2)= p(2) then x(n) = ! H [i (p(z) z”l)}

(z-a)V’ (N-1)! z—a |dz™
Where,
p(z) : Numerator polynomial of X(z)
z=a : Location of pole

N : Number of poles located at z = a.

Example-1: Determine the causal signal x(n) from the z-domain X(z) = —(z 22)3

Given p(z)=z, N=3and a =2.

=t " {d' @ z“*)}

T(N-1)! z-a |dz™

1 Lt d? o
L )

5 s e ()
2 72 |dz?

1 Lt n-2
1M, boar]
:% n(n-1)2"2
=n(n-Tl)2nu(n)
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2

Example-2: Determine the causal signal x(n) from the z-domain X(z) = (z—2 ‘ 2)°

Given p(z)=z>, N=3 and a =2.

-1 Lt {d“'l ) an)}

- (N-1)! z—a |dzM*

1 Lt d? o
e

1 Lt d’ n+
| )
1 Lt

=5 S0 [n+1)nz™]

1
== n(n+1)2"
> ( )

— M u(n)
4
Example-3: Determine the causal signal x(n) from the z-domain X(z)= (z 12)4

Given p(z)=1, N=4and a =2.

=+ M {d' (b@) z“)}

T(N-1)! z—>a |dz™

1 Lt d® o
“a ana e )
1 Lt d? .
2 s

Lt
s [n-1) (n-2)(n-3) 2™]

1
6
1 n-4
=5 (n-1)(n-2)(n-3) 2

_(-1(n-2)(n-3)2"
- 96

(n)
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Analysis of Discrete LS| Systems using Z Transform:

Relation between input signal x(n) and output signal y(n) of a discrete time system is called
Difference Equation (DE), If the system is Linear Shift Invariant(involves constant coefficients),
then it is called Linear Constant Coefficient Difference Equation (LCCDE).

Input Signal, x(n) — Discrete Time System —  Output Signal, y(n)

General form of LCCDE is given below

y(n)+i a, y(n—k) +§: b, x(n—K) or y(n) =- i a, y(n—-k) +§: b, x(n—Kk)

(A)Transfer Function:
The ratio between output to input in frequency domain (z-domain) representation is called transfer
function or system function. It is represented with H(z) and it can be obtained from LCCDE by

applying z transform.

2Ty + Y270 2 y0-K1 =Y. 210 b x0-K)]

Y(2)+ ZN: a, 2% Y(2) :i b 2* X(2)

k=1 k=0

Y2)+ Y(2) ZN: a, z* =X(@) i b, z*

k=1 o
N k
b,z
Y@) kZ; ’
N
X@) 1 . 3 a 2"
k=1
-1 ) »
H@) = by +blz,1 +b2272 s +h, !
1+ +38,Z "+ +a,z

(B)Impulse Response:
Output of discrete LSI system with an input of impulse or unit sample signal is called impulse

response or unit sample response.

Input , x(n)=3(n) —>{ Discrete Time System —  Output, y(n)=h(n)

Impulse response is represented with h(n) and it is the inverse z transform of transfer function H(z)

h(n) =Z*[H@)]
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Example: Determine the transfer function and impulse response of discrete LSI system governed
by LCCDE y(n)—%y(n—1)+%y(n—2) =x(n-1)+x(n-2)

Given LCCDE
y(n)—%y(n—l)Jr%y(n—Z) =x(n-1)+x(n-2)

Apply z transform
ZT[y(n)—%y(n—1)+%y(n—2)] =ZT[x(h=1)+x(h-2)]

Y(z)—%zlY(z)+%zzY(z) =7'X(2)+27°X(2)
3 1 1 -2 | _ -1 -2
Y(z)(l—zz +§z j_X(z)(z +Z )

Y(z) zt+z?
X(2) 1—§z’1+12’2
8

z+1

» 3. 1
2P -"z7+=
4 8

H(z) =

It is the transfer function of given system.

Apply inverse z transform(Partial fractions method) to get the impulse response, h(n) = z7'[H (2)]

H(z) =— 2
- "z1+>
4" 8
z+1
_[Z_lJ(Z_lJ A= ](-)+l - 3
S o303
H(z) z+1
7 ‘( 1)( 1) 1., 3
ZZ'* Z'* 2 2
A B C 1(1_1j 1
B T 2\2 4) 8
z-= z--
2 T4 1 5
i+1 -
} ) C=rA—s=2=-20
H(z) =8+12 _20 1f1.1y -1
;.1 ;.1 4\4 2) 16

h(n) =8z 1] +122 —% |- 20z 5

z-- z-~
2 4

1Y’ 1Y
:85(n)+12(5) u(n)—ZO(Zj u(n)

Prof.B.Ramesh Reddy, Dept. of ECE, Coordinator-IQAC, LBRCE, Mylavaram. Page No.29




(C)Response of the System:

Response of the discrete LSI system is the convolution of input x(n) and impulse response h(n).

Discrete LS| System

Input , x(n) ——>

h(n)

» Qutput or Response, y(n)=x(n)*h(n)

Response of the discrete LSI system can be evaluated by using z transform

y(n) =ZY Y(2) ], where Y (2)=X(2).H(2)

Example-1: Determine the response of the

discrete LSl system governed by

LCCDE y(n) —% y(n—l)+%y(n—2) = X(n—1)+ x(n—2)with an input of x(n) = (%)nu(n)

Given LCCDE

y(n)—%y(n—l)+%y(n—2)= x(h=1)+x(h-2)

Apply z transform and obtain its transfer function

z+1
H(z):—3 1
-1+~
4° 8

Given input x(n) = (%)nu(n) = X(@2) = il
Z——
3

We know that the response y(n) = x(n)*h(n) =Y (z) = X(2)H(2)

Y (2)

Y(z) =36 —— |-96 —— |+60 ——

y(n) =36 %)nu(n) - 96(3” u(n)+ 60&)nu(n)

1 3
i_i_l —
A= 2 -2 __3p
2sl2s) (6)e)
2 3\2 4) \6)s8
E_}_l ﬂ
- -3 - 9
G2l Gl
3 2)\3 4 6 \12
E'ﬁ'l E
C= 4 4 _60
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Example-2: Determine the input required for the discrete LSI system governed by LCCDE
y(n) —%y(n—1)+%y(n—2) = x(n—l)—%x(n—Z) to produce the output of

1y 1Y
v =( 3] ued~{ 3 utw
Given LCCDE

3 1 1
y) -y -1+ oy =-2)=x(-1)-2x(n-2)

Apply z transform and obtain the transfer function

1 1
z-= z-=

H(z) = 33 - 3

e

Lo () L

>((Z):Y(Z): 4 2 4)_ 4
RIS
2 4 3 3

Required input x(n) = Z[ X(2) ]

72 n

1 yA 1/1
x(n=zY-4_ |==z7 :—(—j u(n
(n) 1|72 2—1 ne (n)

3 3
Example-3: Determine the response of discrete LSI system having input x(n)={1,2,3,4} and
impulse response h(n)={5,6,7,8,9} using z transform.
Given input x(n)={1,2,3,4} = X(2)=1+2z+3z2+4273,
Given impulse Response h(n)={5,6,7,8,9}= H(z)=5+62"1+7z2+823+9z*.
We know that the system response y(n) = x(n)*h(n)
=Y(2) = X(2)H(z2)
= (1422 4322+47273) (5+621+722+823+9z%)
= 5+62 14722482 3+92*+102 1 +1222+1423+162*+182°+1522+1823+212*+247>+277"
+20273+2474+282°+322°+362"
=5+162"1+3422+6023+70z*+702°+592°%+362’
Response of the system
y(n) ={5, 16, 34, 60, 70, 70, 59, 36}
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Example-4: Determine the input required to produce an output y(n) ={5, 16, 34, 60, 70, 70, 59, 36}
of discrete LSI system, given impulse response h(n)={5,6,7,8,9}.

Given output y(n)={5,16,34,60,70,70,59,36}=>Y (2)=5+162"1+3422+60z3+ 70z *+702°+592°+362"".
Given impulse Response h(n)={5,6,7,8,9}=> H(z)=5+6z1+722+823+9z,

We know that the response y(n) = x(n)*h(n) =Y (z) = X(2)H(z)
Y(z) 5+1627"+3427+60z°+70z*+70z°+592°+3627'
H(z2) 5+6z'+72°+82°%+9z77"

X(2) =

Apply long division method and evaluate the negative power series expansion of X(z)
546z +722+82°+92*)5+162 "' +34z° +60z°+70z* +70z° +592° +36z ' (1+2z " +3z 7% +4z7°
5+462'+7 z°+82°+92"+702°+592° +367"
10271 +272%2+522°+612* +702° +592° +362 '
102" +127%+147° +162* +182°
15z7%+382°+452" +522°+592° +367"
152°+182°+2172* +242° +277°
202°+247" +282°+322°+36z"

2022 +247*+282°+327°+367"

0
Result of long division method X(z) = 1+ 2z +3z7% +4z°°

Required input x(n)={1,2,3,4}

(D)Natural and Forced Response:
Response of a discrete LSI system with zero input and for given initial conditions is called zero

input response or free response or natural response.

Discrete LSI System
Input , x(n) =0 ——» o - — Natural Response, yn(n)
with initial conditions

Response of a discrete LSI system by applying input with zero initial conditions is called zero state

response or forced response.

Discrete LSI System
Input, x(n) ——» o . — Forced Response, yi(n)
with zero initial conditions

Response of a discrete LSI system is the sum of natural response and forced response.

y(n) =yn(n) +y(n).
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Example-1: Determine (a)Natural response, (b)Forced response and (c)Response of discrete LSI
system having LCCDE y(n)—%y(n—l)+%y(n—2): X(n—1)+ x(n—2)with input x(n) :(%J u(n)

and initial conditions y(-1)=y(-2)=1.

(a)Natural response: Take the input x(n)=0 and initial conditions y(-1)=y(-2)=1.
Given LCCDE

y(n)—%y(n—l)Jr%y(n—Z) =X(n-1)+x(n-2)=0
Apply z transform

ZTIy() -5 yn-1)+ y(n-2)] =0

Y (2) —%(z‘lY(z) + y(—l))+%(z‘2Y(z) +27y (=D + y(—2))= 0

3 . 3 1, 1 ., 1
Y(2)——2Y(2)——+=2Y(2)+=2"+==0
()4 ()48 ()8 3

Y(Z)(l—gz‘l +lz‘2j 2 1,

8 8 8
5 1 5.1 3
8 8’ A-16 8_16_3
Y(z) = 11 1 34
3 ,1 172 — - — —
1-—z +§z 2 4
2(52—1j 352_; 312 1
B=2c O 39—
Y@ -—"5— 11°-178
22->z7+= 4 2 4
4 8
5,1
Y(2) 8 8

z , 1 1
2 4
3 yA 1 Z
Y(z)=2| — |-2| —
4, 1) 8,1
2 4
3(1) 1/1Y
nN=—=|=|-==|,n>-2
y(n) 4 2) 8(4)

3/1)" 1/1Y
Natural Response nN=yn)=—|=| —=|=|,n=>-2
ponse () = y(n) 4(2) 8@

Prof.B.Ramesh Reddy, Dept. of ECE, Coordinator-IQAC, LBRCE, Mylavaram. Page No0.33




(b)Forced response: Apply the input x(n) :(%j u(n) without initial conditions.

Given LCCDE
y(n)—%y(n—1)+%y(n—2): X(n—-1)+x(n-2)
Apply z transform
ZT[y(n)—%y(n—1)+%y(n—2)] =ZT[x(n-1)+x(n-2)]

Y(2) —%z‘lY(z) +%Z‘ZY(Z) -z X (@)

Y(z)(1—§21+12Zj:(1+zl)X(z)
4" '8
) 1 3
Y = Lrz)x(2) |  z+1 z S+ 5
1—§z‘1+12_2 zz—§z+1 z—1 A= 1 1Y1 1) (1)2 =30
R N R
v o 2 3)\2 4) 68
= 1 4
(el M
2N 3N 4 B v oy oy 1y ®
o _ A8, c 53)5d) (Ba)
=5 " 3 2)\3 4 6 \12
YA
z-= 1-- 1-= 1 5
2 3 4 1.4 S
4 4
Jof el ] TR T
Y(2) =36 — |-96 — |+60 —= 4 2)\4 3 8 \12
z-- z-= z—=
2 3 4
1Y 1Y 1Y
nN)=36-| 96 =| +60 = | ,n>0
¥n) 2} (3) (4)

(c)Response of a discrete LSI system is the sum of natural response and forced response.

y(n) =y,(nN)+y;(n)

y(n)=§(1j"_1(lj”+36(1j"_96(1j”+6o(1j”,n2_2
4\2) 8l4 2 3 4
147(1Y 1\" 479/1Y

o =(5) -sd5) 5la) =2
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(E)Causality and Stability of the System:

» A discrete LSI system having the rational system function H(z) is said be causal only when
the degree of numerator can't be greater than the degree of denominator and the ROC should
be outside the circle of outer most pole.

> A discrete LSI system having the rational system function H(z) is said to be stable only
when the ROC includes the unit circle.

> A discrete LSI causal system having the rational system function H(z) is said to be stable
only when the poles of H(z) should be inside the unit circle.

Examples: Analyze the following discrete LSI systems for causality and stability.

z(z* +1)

(MHE) = (Z _ ;j{z_;](z —}J(z—é]

» Given discrete LSI system is non causal because the degree of numerator is more when

compared to the degree of denominator.

, , : , , 1
> Given discrete LS| system is stable if the ROC is | z | > >

(2)H(z) = (Z E ][Z‘éj(z —Lﬂ[z‘éj

, , : , , 1
> Given discrete LS| system is causal if the ROC is |z |> >

, , , , , 1
> Given discrete LSI system is stable if the ROC is | z | > >

z(z+1)
3)H(z) =
S o Y oy ey ey
> Given discrete LS| system is causal if the ROC is |z |>5.

> Given discrete LS| system is stable if the ROC is | z |< 2.
z(z+1)

- (z - ;j(z —3)z-4)z-5)

> Given discrete LS| system is causal if the ROC is |z |>5.

1
> Given discrete LSI system is stable if the ROC is > <|z|<3,
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Realization of Discrete Time Systems:

Physical representation or implementation or design of a discrete LSI system by using discrete
components, like adders, constant multipliers and delays (memories) is called realization.

Adder is used to add two or more signals, for example y(n) = x1(n) + x2(n)

x1(n) y(n)=x1(n)+ Xz2(n)

Xz(n)

Constant multiplier is used to get the product of a constant and a signal, for example y(n)=kx(n)

x(n) y(n)=kx(n)

Delay or Memory unit is used to get one unit delay of a signal, for example y(n) = x(n — 1)

X(n)—> Z1 —  y(n)=x(n-1)

Various structures of realization methods or techniques , which are used in the design of Infinite

Impulse Response (IIR) & Finite Impulse Response (FIR) systems are given below.

> Direct Form—I Realization
> Direct Form—I1 or Canonic Form Realization
L. Realization methods in IR System
>  Cascade Form Realization
> Parallel Form Realization
> Direct Form Realization
»  Cascade Form Realization Realization methods in FIR System

> Linear Phase Realization

Choice of realization structure depends on computational complexity and memory requirements.
» Computational complexity refers to the number arithmetic operations (additions &
multiplications) required to compute the response.
» Memory requirements refer to the number of memory locations required to store the system

parameters (present input, past inputs, intermediate computed values and outputs).
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(A)Direct Form— | (DF-1) Realization of IIR System:

From the general form of system function or transfer function of IIR system

N(z) Y(2) b,+bz +b,z?+. i +b,,z”™
H(z) = = = 1 2 N

D(z) X(z) 1+az 4+a,Z +.ciiiiunnnnnn. +a,z
= (1+az +a,2 e, +a,z")Y(2) = (b, +bz +b,2 %+ +b,z")X(2)
= Y(@2)+a,2Y(2) +a,2 Y (2) + e, +a,z2"Y(2) =

b X(2)+ b,z X(2) + b,z 2 X(Z) +..cvvecve. +b,,z"X(2)

=Y(2)=-2,2"Y@2)-a,2°Y(@) —ceeereruer. —az"Y(@2)+1(2)- - - - (1)
where, 1(2)= b X(2)+b,z " X(2)+ 0,27 X(2)+.....cccvmrnnn. +b,z"X(2)----------- (2)

Draw the realization structure by using equations (1) and (2)

X(2) » ‘ + e I_ Y(2)
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| ! 1 |
1 1 1 1
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1 ! I 1
: | ! !
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1 1 1 1
| | ! |
7-1 : ! 71
| :
: :
: |

Direct Form-I structure is the basic form of realization and it involves
> ‘M+N’ number of adders.

» ‘M+N+1" number of constant multipliers.
» ‘M+N’ number of delays.
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(B)Direct Form- Il (DF-11) Realization of IIR System:

From the general form of system function or transfer function of IR system

H(zZ) = Niz) Y@ (Y@ 1(2) ) by+bzt+b,z% +. i, +b,,z”™"
D) X2 (12 )\X(@)) 1+az+a,z%+..vcieiennn.n. +az™"
Y(z ~ - .
%=b0+blzl+bzzz+ .................. +b,,z™
=Y(2) =, +b,z +b,z %+, +b,,z"MI(2)
= Y(@2) =by 1(2)+b,z 1(2)+ 0,22 [(Z)+.eevveevnne. +b,z"I(2)--------- (1) and
I(z) 1
X(2) 1+az ' +a,Z2 %+, +a,z™"
=S1(2)(1+ a2z +a,Z2 + e, +a,z™") = X(2)
=1(2)+a,2 1(2)+ 2,27 1(2) +evveeeiae +a,z(2) = X(2)
=1(2)=X(2)-a,z21(2)-a,271(2) —eeeeerrraennn. ~a,zM(2)------------ (2)
Draw the realization structure by using equations (1) and (2)
X(z) + I > bo Y(2)
Z-l
_al < i > bl
Z-l
-ay ¢ { > b2

N
_
i

Direct Form-1I structure is also known as Canonic Form realization. It is the modified form of
Direct Form-I realization and it involves

» ‘M+N’ number of adders.

» ‘M+N+1" number of constant multipliers.

» ‘M’ number of delays if M>N and ‘N’ number of delays if N>M.

It is most widely used realization, because it involves less number of delays.
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(C)Cascade Form of Realization of IR System:

If the transfer function of discrete LSI System is the product of Hi(z), H2(z), Ha(2). ...... Hn(2),
then the cascede form of realization is used.

Given H(z) = Hi(2) . H2(2) . Ha(2). ............ Hn(z2)

= Y(2) / X(z) = H1(2) . H2(2) . H3(2). ............ Hn(2)

= Y(2) = Hu(2) . H2(2) . H3(2). ............ Hn(z2). X(2)

Draw the realization structure by using above equation.

A 4

A 4

X(z) —> Hu(2) Hi(2) Ha(z) [-------mmmmmmmmmmmmm e — Hv(@) —>Y(»)

» It is the cascading of Hi(z), H2(z), H3(2). ...... Hn(2).
> Realize Hi(z), H2(2), Ha(2). ...... Hn(z) by using canonic form of realization.
» Ha(z), Ha(2), Ha(2). ...... Hn(z) are first or second order transfer functions

(D)Parallel Form of Realization of IR System:

If the transfer function of discrete LSI System is the sum of Hi(z), Hz(z), Hs(2). ...... Hn(z), then
the parallel form of realization is used.

Given H(z) = Hi(z) + H2(2) + H3(2)*+ ........... + Hn(2)

=Y (2) / X(z) = Hi(z) + H2(2) + H3(2)*+ ........... + Hn(2)

=Y (2) = [ Hi(2) + H2(2) + H3(2)+ ........... + Hn(2) ] X(2)

=Y (2) = Hi(z) X(z) + H2(2) X(z) + H3(z) X(2) + ........... + Hn(z) X(2)

Draw the realization structure by using above equation.

X(2) * > Hi(z) >+ Y(2)
—» H(2) >+
&——» Hs(2) > 4+
| | i
1 | |
| | !
i | :
:—> HN(Z) ]
» Itis the parallel connection of Hi(z), H2(z), Ha(2). ...... Hn(2).
» Realize Hi(z), H2(2), H3(2). ...... Hn(z) by using canonic form of realization.
> Hi(2), H2(2), H3(2). ...... Hn(z) are first or second order transfer functions
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(E)Direct Form Realization of FIR System:
From the general form of system function or transfer function of FIR system
Y(2)

H(z) = X0~ by +bzt +b,z7% +.iii, +b, ,z7 "
=Y(@2) =(by+b,z +0,27 % +.eiee, +b,,z " )X(2)
= Y(2) = by X(2)+b,zX(2)+b,z 2 X(2) +eeeevrea, +b,,z " PX(2)

Draw the realization structure by using above equation.

X(z) zZ?t Y e » 71

\4

\4

bo b1 b2 bn-1

R R T TP ——— Y(2)

y
<+
) 4

Direct Form realization of FIR system involves
» ‘N-1° number of adders.
» ‘N’ number of constant multipliers.

» ‘N-1° number of delays.

(F)Cascade Form Realization of FIR System:

If the transfer function of discrete LS| System is the product of Hi(z), Hz(z), Hs(2). ...... Hn(2),
then the cascede form of realization is used.

Given H(z) =H1(2) . H2(2) . H3(2). ............ Hn(2)

=Y (z) / X(z) =H1(2) . H2(2) . H3(2). ............ Hn(2)

= Y(z) = Hu(2) . H2(2) . H3(2). ............ Hn(z). X(2)

Draw the realization structure by using above equation.

X(z) —> Hu(2)

Hs(z) [-------------------------- —» Hn(z) > Y(2)

\ 4
\ 4

Hi(z)
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(G)Linear Phase Realization of FIR System:

From the general form of system function or transfer function of FIR system

Y(z _ B (N
H(z):%:bomlz L D,Z2 2 e b,z D
=Y(@2) =(by+b,z +0,27 % +.eiee, +b,,z " )X(2)
= Y(2) = by X(2)+b,zX(2)+b,z 2 X(2) +eeeevrea, +b,,z " PX(2)

Linear phase realization is possible only when bo=bn-1, b1=bn-2, b2=bn-3,
= Y(2) = byX(2)+ b,z X(2) + 0,277 X(2) ++veeevve. +b,z7 " IX(2)+ b,z M PX(2)+ b,z NP X(2)
=Y(2) = by+z " X(@)+b(zt+ 2" P)X(@2)+ b, (2% + 2 N )X(2)+

Draw the realization structure by using above equation.

X(2) l > 71 l » 71 l —————— » Z1
Z' ‘ A ‘ ---------- z!
\ 4 \ 4 \ 4 \ 4
bo Y b2 bn-1)2
N, -\

Linear Phase Realization of FIR system involves
» ‘N-1° number of adders.
» ‘N’ number of constant multipliers.
» ‘(N-1)/2° number of delays.
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Descriptive Questions:

1.

10.

11.
12.

Evaluate the Z-Transform and indicate the ROC for the following sequences

(i)x(n)=a"u(n) (ii)y(n)=-a"u(-n-1) (iii)z(n)=a"!
Evaluate the Z-Transform and indicate the ROC for the following sequences

n

: 1Y 1Y N 1Y 1
(1) x(n) :3(§j u(n)—Z(gj u(n). (i1) x(n) :3(Ej u(-n-l)—Z[gj u(-n-1)

1Y 1Y : 1Y 1Y
(iii) x(n) :3[Ej u(-n-1)+2(§j u(n)  (iv) x(n) :B(EJ u(n)+2(§j u(-n-1)

Evaluate the Z-Transform and indicate the ROC for the following sequences

(i) x(n) =a"Sin(n@)u(n) (ii) y(n) =a"Cos(nd)u(n)

Apply the properties to Evaluate the Z-Transform and associate ROC for the following
sequences (i)x(n)=nZa" u(n) (i) x(n)=a" u(-n) (iii) x(n)=a"*** u(n-10)

Apply partial fractions method and compute all possible cases of sequences from given X(z)

. z " z+1 z
X(z)= X(z)= X(2) =
O X@ = e W D= e e W X9 i s
Apply power series method and Evaluate both the causal and Non-causal sequences from
7 +z+1
X(2) =
(@) 27 +32° +7+4
Apply Residue method and Obtain the causal sequence x(n) from X (z) = %
Z —

Compute the initial value of a causal sequence x(n) from the z-domain

X (2) = 2(z+1)(z+2)
(22-1/2)(4z-1/4)(8z-1/8)

Calculate the final value of a causal sequence x(n) from the z-domain

X (2) = 2(z+1)(z+2)
(z-1)(z-1/2)(z-1/4)(z-1/8)

Determine the z-transform of a convoluted sequence

(a) x(n) = u(n)*nu(n) *n’u(n) (b) x(n) =n(1/2)" u(n—1)

Find the Inverse z-transform X(z)=log(1+az?)

Realize the discrete system having LCCDE y(n)-1/2y(n-1)-1/3y(n-2)=2x(n)+3x(n-1)+4x(n-
2) by using (i)DF-I realization (ii)DF-I1 realization
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13. Find a causal sequence from the z-domain

(X (@) =500 X(@) =z () X ()= 5o

14.  Apply z-Transform to solve the difference equation
y(n)-ay(n-1)=x(n) and obtain the impulse response, hence obtain the system response for an
input x(n)=b"u(n), where 0<a<1 and 0<b<1.

15. Apply z-Transform to obtain (a)Unit sample response (b)Unit step response and
(c)Response of a causal system for an input x(n)=(1/2)"u(n).
Given LCCDE y(n)-0.25y(n-1)=x(n).

16. Apply z-Transform to find the response of the system for an input x(n)=(1/4)"u(n) having
LCCDE y(n)-5/6 y(n-1)+1/6 y(n-2)=x(n)+x(n-1). Given initial conditions y(-1)=y(-2)=1.

17. Apply z-Transform for the system having LCCDE y(n)-5/6 y(n-1)+1/6 y(n-2)=x(n)+x(n-1),
find (a)Natural response for given initial conditions y(-1)=y(-2)=1 (b)Forced response for
given input x(n)=(1/2)"u(n) and (c)Response of the system for given input x(n)=(1/2)"u(n)
and initial conditions y(-1)=y(-2)=1.

18. Apply z-Transform to find the natural response of the system having LCCDE
y(n)-2 y(n-1)+4 y(n-2)=x(n)+x(n-1) for given initial conditions y(-1)=y(-2)=1.

19. Analyze the following systems for causality and stability

2(z+D(z+2) (b) X (2) = 2(z+1)(z+2)
(z-D)(z-1/2)(z-1/4)(z-1/8) (2z-1/2)(4z-1/4)(8z-1/8)

20. Realize the discrete system having LCCDE y(n)-5/6 y(n-1)+1/6 y(n-2)=x(n)+x(n-1).

(a)Canonic Form (b)Cascade Form (c)Parallel Form

@) X(2) =
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Quiz Questions:

1. Whatis the ROC of ZT[u(n)]

B
(A)[z|>0 (B)lz>1 (C)0<z|<1 (D)[z)<0
2. Find the z-domain of x(n)={1,0,1} A
(A)1+z1 (B) z+1+z1 (C) z+z1 (D) 1+z
3. Determine the Z-transform of x(n)=38(n-9) z°
4' . 113 1 n 1 n 2
What is the ROC of z transform of (E) u(n) + (é) u(n) + u(n) z]>1
5. If ZT of a"u(n) * b"u(n) is X(z)/(z-a)(z-b), then X(z) is c
(A)1 (B) z (C) 22 (D) 1+z
6. If ZTof u(-n) is k/X(z), then k-X(z) is z
7. . : 1
Find a causal sequence from the z-domain X (z) = 1 u(n-1)
8 If X(z)= and x(n)=a"Pu(n-c), then a,b,c=
Zg (Z _ 9) 1 ) ) D
(A)9,9,9 (B) 9,10,9 (C) 10,9,9 (D) 9,9,10
9. . L z2(z+1)
Find the initial value of a sequence x(n) from X(z) = ———7—"—=
g (n) (2) B1-D@2z-1) 1/6
10. Find the final value of a sequence x(n) from X (z) = _2z+l) 2
(z-1)(2z-1)

Prof.B.Ramesh Reddy, Dept. of ECE, Coordinator-IQAC, LBRCE, Mylavaram. Page No.44




